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I INTRODUCTION

Let (X,X ,u)be a o-finite measure space. Then a mapping T from X into X is said to be a measurable
transformationif T'(E)e ¥ forevery E € ¥.A measurable transformation T is said to be non-singular
if (T '(E))=0 wheneverp(E)=0. If T is non-singular then the measure pT™' defined as

uT™'(E)=w(T'(E)) for every E in ¥ , is an absolutely continuous measure on ¥ with respect to p
Since pis a o-finite measure, then by the Radon-Nikodym theorem, there exists a non-negative

function f, in L'(u) such that pT™'(E)=[ f, du for every Ecy . The function f, is called the Radon-
E

Nikodym derivative of uT™' with respecttop .

Every non- singular measurable transformation T from X into itself induces a linear transformation C.
on LP(u)defined as C.f=foT forevery finL"(u).In case C; is continuous from L’ (u) into itself, then
it is called a composition operator on L°(n) induced by T. We restrict our study of the composition
operators on L*(pu) which has Hilbert space structure. If u is an essentially bounded complex-valued
measurable function on X, then the mapping M_ on L?(u) defined by M, f=u-f, is a continuous

operator with range in L*(u) . The operator M, is known as the multiplication operator induced by u.
A composite multiplication operator is linear transformation acting on a set of complex valued ¥

measurable functions f of the form

M, () =CM, (f)=uoT foT

Where uis a complex valued, ¥ measurable function. In case u =1 almost everywhere, M ; becomes

a composition operator, denoted by C;.

In the study considered is the using conditional expectation of composite multiplication operator on L?
-spaces. For eachf e LP(X,Y ,u), 1< p <o, there exists an unique T™'(Y )-measurable function E(f)
such that

[gfdp=[gE(f)du
A A
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for every T™' (X )-measurable function g, for which the left integral exists. The function E(f) is called
the conditional expectation of f with respect to the subalgebraT™' (T ). As an operator of L?(u), E is
the projection onto the closure of range of T and E is the identity on L°(n), p>1 if and only if
T'(x )=3 . Detailed discussion of E is found in [1-4].

1.1 Normal operator

Let H be a Complex Hilbert Space. An operator T on H is called normal operator if T"T=TT"

1.2 Quasi-normal operator
Let H be a Complex Hilbert Space. An operator T on H is called Quasi-normal operatorif T T'T=T T T

ie, T'T commute with T

1.3 Quasi p-normal operator [13]
Let H be a Complex Hilbert Space. An operator T on H is called Quasi-normal operator if
TT(T+7)=(T+7")T'T

1.4 Power -normal operator

Let H be a Complex Hilbert Space. An operator T on H is called 2 power-normal operatorif T2 T* =T T?

1.5 Class Q-operator [14]
Let H be a Complex Hilbert Space. An operator T on H is called Quasi-normal operator if
tor2=(1'7)?

. RELATED WORKIN THE FIELD

The study of weighted composition operators on L?spaces was initiated by R.K. Singh and D.C. Kumar
[5]. During the last thirty years, several authors have studied the properties of various classes of weighted

composition operator. Boundedness of the composition operators in IP (¥ ),(1<p <wo)spaces, where

the measure spaces are o -finite, appeared already in [6]. Also boundedness of weighted operators on
C(X,E) has been studied in [7]. Recently S. Senthil, P. Thangaraju, Nithya M, Surya devi B and D.C.

Kumar, have proved several theorems on n-normal, n-quasi-normal, k-paranormal, and (n,k)
paranormal of composite multiplication operators on L?spaces [8-12]. In this paper we investigate
composite multiplication operators on L?(u)-space become Quasi-P-Normal operators and n-Power
class Q operator have been obtained in terms of radon-nikodym derivative f,.

. CHARACTERIZATION ON COMPOSITE MULTIPLICATION OF QUASI P NORMAL
OPERATORS ON 2 SPACE

3.1 Proposition
Let the composite multiplication operatorM, ; € B(L*(p)) .Then for u >0
() MM, f=u’f, f

(i) Mz M"ur f =u?oT-f, o T- E(f)
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(i) M"ur(f)=(C M )"(f)=u, foT") u,=uoT.uoT uoT ... uoT"
(iv) Myrf=uf, -E(f)o T
(v) M urf=uf, -E(uf,)o T "V .E(f)eT™

where E(uf,)o T " =E(ufy)o T -E(uf,)o T2 E(ufy)o T

Theorem 3.1

Let the M, 1 be a composite multiplication operator on L*(n) . Then the following statements are

equivalent

(1) M, 1 is Quasi p-normal operator

(i) woTuleThoT foT+huE(hu?f)oT" =huluoT foT +h? u® E(f)

Proof:
For fel?(pn), M, 1 is Quasi P-normal operator if

(Mu,T + Mt ) (M*u,TMu,T )f = (M*u,TMu,T ) (Mu,T +MuT )f and we have,

(Mo + M r ) (MM JE =My (MM g e+ M (M g )
=Mt M ur(WeT foT)+M ur Myt (ueoT foT)

“M, 1 [huE(ufoT)oT |+ M yr[huE (uf o T)o T~

M, [nu? ]+ M ur[hu? €]

—uoT(hu?f)oT+huE(hu f)oT!

—uoT u?eThoT foT+huE (hu?f )oT™"

Consider

(M ur Mg ) (Myp + Mt ) = (M My ) Mg £ (M My )Mo £
~(M*ur My ) (woT £oT)+ (M ur My 1 ) (huEct) o)

=Myt uoT (uoT foT)oT +M yr uoT (huE(f)oT_l)oT

=huE[uoT uoT? foTz]oT_l +huE[ucThoT ueT E(f)]oT™

=hu?uoT foT +h? u’® E(f)
Suppose, M, 1 is Quasi P-normal operator. Then

(Mu,T +Mur ) (M*u,TMu,T )f = (M*u,TMu,T ) (Mu,T + Mt )f
GueTu2eThoT foT+huE (hu2f)oT™ =huluoT foT +h? u® E(f)

almost everywhere.

Corollary 3.2

The composition operator Ct on B(L?(n)) is Quasi p-normal operator if and only if
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hoT foT+huE(h f)oT™' =hfoT +h? E(f) almost everywhere.
Proof:
The proof is obtained from Theorem 3.1 by puttingu =1.

Theorem 3.3
Let the M, 1 be a composite multiplication operator on L*(n) . Then the following statements are

equivalent

1) M"ur is Quasi p-normal operator
(i)
h2u?B(f)o T +hoT?uoTu? o T2 E(f)o T
=hoT u?oT E(h) EW)E(f)oT ' +hoTuoTu?eTfoT
almost everywhere.

Proof:

For f e L%(n), M ur is Quasi P-normal operator if
(M*u,T + Mu,T)(Mu’T M*u,T)fz(Mu’T M*u,T) (M*u,T +Mu,T)f
and then we have
(M*u,T + Mu’T) (Mu’T M*u,T)f =M1 (Mu’T M*u,T)f +M, 1 (Mu’T Mt )£
=M*u,TMu,T[huE(f) oT‘1]+ M, Mu,T[huE(f) oT! ]
Mt o T[huE®) o T o T+ M1 uoT|[huE@E) e T |oT
=M ur[ueT hoTuoT E(f) [+ M, r[ueT hoTuoT E(f)]
=huE(eT hoTueT E(f))o T ' +ucT[ueT hoTuoT E(f)]oT
=h?u Ef)oT ' +hoT?ucT u?oT2E(f)oT

Consider

(MU’T M*u,T)(M*u,T + M, )f =(Mu,T M u1 )M*u,T f +(Mu’T M*u,T)Mu,T f
(M M ur ) huE@E) e T 4 (Myy Mt ) (uoT £0T)

=M, 1 huE(huE(f)oT‘l)oT‘1 +M,rhuE(uoT foT)oT™

=M, 1 huE(h) o T'E(u)o T'E(f)o T + M, rhu’f

=uoT (huE(h)oT_l E(u)oT! E(f)oT_2)oT+uoT(hu2f)oT

=hoT u?oT E(h) EWE()oT ' +hoTuoTu?oT foT

Suppose M"y.1 is Quasi p-normal operator. Then

(M*u,T + Mu,T)(Mu,T M*u,T)fz(Mu’T M*u,T)(M*u,T +Mu,T)f

S h W E@) e T +hoT?ueT u? o T2 E(f)oT

=hoTu?oT E(h) EWE()oT ' +hoTueTu?eT foT
almost everywhere.
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Corollary 3.4

The composition operator C'r on B(L?(n)) is Quasi P-normal operator if and only if

h2E(f)oT ' +hoT?E(f)oT =hoT E(h) Ef)eT ' +hoT foT

almost everywhere.

Proof:

The proof is obtained from Theorem 3.3 by puttingu =1.

. CHARACTERIZATIONS ON N POWER CLASS Q COMPOSITE MULTIPLICATION
OPERATOS ON L#-SPACE

Theorem 4.1

Let the M, 1 be a composite multiplication operator on L*(n) . Then M, 1 is n power class Q composite

multiplication operator if and only if

huE(h)o T E(u)e T E(u,,)e T foT?"2
=huE®u,)eT " hoT" ' uoT"  E(u,)e T" 2 foT?"?

Proof:
Now Consider,

Mt M2 1 f=M*2u,T[u2nfoT2“]

where u,, =uoT? uoT*....c......... uoT™"

=M ur ( huE(u2n foTzn)o T_l)

=M urhuE(u,y,)o T foT?!
=huE(huE(u2n)oT_l foT2“‘1)<>T‘1
—huE(h)eT ' E(u)e T E(uy,)e T2 foT?"?

Next we consider,

(M*u,TMnu,T )2 f= (M*u,TMnu,T)(M*u,TMnu,T )f
:(M*u,TMnu,T )M*u,T (un f oTn)

where u, =uoT uoT?. .............. uoT™"
—(M"urM ot ) huE (u, o o

—(M* M1 ) huE@u,)o T o1

=M'ur u, ( huE(u,)o T foT“‘l)oT“

=M ur u, hoT"uoT" E(u,)o T" foT2"!
—huE(uy ho TP uoT" E(u,)o T foT20 o7

=huE,)oT  "heT" ue T E(u,)o T" 2 foT??

Given M, 1 is n power class Q composite multiplication operator

*2 *
S M ogr Mznu,T f:(M u,Tl\/Inu,T)2 f
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<huE(h) e T E()e T E(uy,)o T2 foT?"2

B a1 - 1 - s almost everywhere.
=huE(,)eT hoT" uoT" E(u,)eT" “foT

Corollary 4.2

The composition operator Cy on B(L?(n)) is n power class Q if and only if
h E(h)oT ' foT?™2=h hoT"!foT?2
almost everywhere.

Proof:

The proof is obtained from Theorem 4.1 by puttingu =1.

Theorem 4.3

Let the M, 1 be a composite multiplication operator on L?(p) . Then M", 1 is n power class Q composite

multiplication operator if and only if

uoTu?oT?hoT? E(uh)o T~ " E(f)o T (772
=u?oThoT E(uh)o T ™2 hoT ™2 E(uh)e T " E(f)oT 172
Proof:

Now if we consider

M2y M wt f=M%ur ( huE(hu)o T E(f)o T—Zn)
My r (woT (huEGu) e T E@)aT )T

=M, 1 (hoT u2 o T E(hu)o T2 E(f)o T-nD) )
=uoT (h oT u?oT E(hu)o T "2 E(f)o T 0D )O T
—uoT u?oT?ho T2 E(uh)o T @ E(f)o T~ (202

and we consider

(Mu’T Myt )2 f= (Mu,T M*nu,T)(MuyT M*nu,T)f

= (Mu,T M*nu,T)Mu’T uhE(uh)e TV E(f)oT™

= (Mu,T M*”u,T)u ° T(uhE(u h)o T-®D E(f)o T‘“)o T

=M, M™u1 (u2 oT hoT E(uh)o T E(f)o T‘(n‘l))

=M, ruhE(h)oT " E(u2 oT hoT E(uh)o T2 E(f)o T_(n_l))o T

=M, 1 (uhE(u h) o TV 2 o T D ho T- D E(uh) o T-?*2 E(f) o T‘(Z“‘“)
=uo T( whE@h)o T u2 o T D ho T-O D E(uh) o T2 E(f) o T~ ) T
=u?oThoT E(uh)o T ™2 hoT ™2 E(uh)o T ") E(f)o T "2

Since M, 1 is a Composite multiplication operator, by definition

*20 *
o MArMT f=(Mu,T M nu,T)2 f
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< uoTu?oT?hoT?E(uh)o T "3 E(f)oT 22

=uoT hoT E(uh)e T ™2 hoT ™2 E(uh)o T E(f)o T ?72)

almost everywhere.

Corollary 4.4

The composition operator C’r on B(L?(n)) is n power class Q if and only if

ho

T2 E( h) ° T*(2n*3) E(f) ° T7(2n72)
=hoT E(h)o T ™2 hoT ™2 E(h)o T "3 E(f)o T (32

almost everywhere.

Proof:

The proof is obtained from Theorem 4.3 by puttingu =1.

ACKNOWLEDGEMENT

We would like to thank the reviewers for their constructive comments. We thank to Dr.R.David
Chandrakumar, Professor, Department of Mathematics, Vickram College of Engineering for his
encouragement and support given.

10.

11.

© 2023 Great Britain Journal Press

REFERENCES

Campbell, J & Jamison, J, On some classes of weighted composition operators, Glasgow
Math.J.vol.32, pp.82-94, (1990).

Embry Wardrop, M & Lambert, A, Measurable transformations and centred composition operators,
Proc. Royal Irish Acad, vol.2(1), pp.23-25 (2009).

Herron, J, Weighted conditional expectation operators on LP -spaces, UNC charlotte doctoral
dissertation.

Thomas Hoover, Alan Lambert and Joseph Quinn, The Markov process determined by a weighted
composition operator, Studia Mathematica, vol. XXII (1982).

Singh, RK & Kumar, DC, Weighted composition operators, Ph.D. thesis, Univ. of Jammu (1985).
Singh, RK Composition operators induced by rational functions, Proc. Amer. Math. Soc., vol.59,
pp-329-333(1976).

Takagi, H & Yokouchi, K, Multiplication and Composition operators between two LP -spaces,
Contem. Math., vol.232, pp.321-338 (1999).

Senthil S, Thangaraju P & Kumar DC, “Composite multiplication operators on L?-spaces of vector
valued Functions”, Int. Research Journal of Mathematical Sciences, ISSN 2278-8697, Vol.(4), pp.1
(2015).

Senthil S, Thangaraju P & Kumar DC, “k-*Paranormal, k-Quasi-*paranormal and (n, k)- quasi-
*paranormal composite multiplication operator on L2 —spaces, British Journal of Mathematics &
Computer Science, 11(6): 1-15, 2015, Article no. BJMCS.20166, ISSN: 2231-0851 (2015).

Senthil S, Thangaraju, P & Kumar, DC, n-normal and n-quasi-normal composite multiplication

operator on L? -spaces, Journal of Scientific Research & Reports,8(4),1-9 ( 2015).

Senthil S, Nithya M and Kumar DC, “(Alpha, Beta)-Normal and Skew n-Normal Composite
Multiplication Operator on Hilbert Spaces” International Journal of Discrete Mathematics, ISSN:
2578-9244 (Print); ISSN: 2578-9252; Vol.4 (1), pp. 45-51 (2019).

Quasi-P-Normal and n-Power class Q Composite Multiplication Operators on the Complex Hilbert Space

Volume 23 | Issue 16 | Compilation 1.0

London Journal of Research in Science: Natural and Formal




London Journal of Research in Science: Natural and Formal

12. Senthil S, Nithya M and Kumar DC, “ Composite Multiplication Pre-Frame Operators on the Space
of Vector-Valued Weakly Measurable Functions” Global Journal of Science Frontier Research: F
Mathematics and Decision Sciences Vol.20 (7), pp.1-12, ISSN: 2249-4626 & Print ISSN: 0975-5896
(2020)

13. Bhattacharya D and Prasad N, “Quasi-P Normal operators - linear operators on Hilbert space for
which T+T* and T*T commute”, Ultra Scientist, vol.24(2A), pp. 269-272 (2012).

14. Adnan A and Jibril AS, “On operators for which T™?T? = (T"T)?, International Mathematical forum,

vol.5(46) , pp.2255 — 2262 (2010).
15. Panayappan S and Sivamani N, “On n power class (Q) operators”, Int. Journal of Math. Analysis,
vol.6(31), pp.1513-1518 (2012).

Quasi-P-Normal and n-Power class Q Composite Multiplication Operators on the Complex Hilbert Space

Volume 23 | Issue 16 | Compilation 1.0 © 2023 Great Britain Journal Press



