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Some New Results Concerning the Fourier
Coefficient in Function Space Type of

Lorentz−Morrey with Many Groups of Variables
Rena Eldar kizi Kerbalayeva

ABSTRACT

In this paper I provide more general notions for generalized Fourier series and convergence of

Fourier series in Lorentz-Morrey space with many groups of variables. This conceptual

framework is very important in other areas in mathematics (such as ordinary and partial

differential equations) and physics (such as quantum mechanics and electrodynamics). As

applications I study of summability of Fourier coefficients for functions from some

Lorentz-Morrey type spaces with many groups of variables.

I. INTRODUCTION

Let 𝐺 ⊂ 𝑅𝑛 and 1 ≤ 𝑠 ≤ 𝑛;  𝑠, 𝑛 be naturals, where 𝑛1 +⋯+ 𝑛𝑠 = 𝑛 . We 

consider the sufficient smooth function f(x), where the point 𝑥 = (𝑥1, … , 𝑥𝑠) ∈ 𝑅
𝑛

has coordinates

𝑥𝑘 = (𝑥𝑘,1; … ; 𝑥𝑘,𝑛𝑘) ∈ 𝑅
𝑛𝑘 (k∈ 𝑒𝑠 = {1,...,s}).

More precisely, 

𝑅𝑛 = 𝑅𝑛1 × 𝑅𝑛2 ×∙∙∙× 𝑅𝑛𝑠 .

Thus we consider the fixed, non−negative, integral vector l=(𝑙1, … , 𝑙𝑠) such 

that, 𝑙𝑘 = (𝑙𝑘.1; … ; 𝑙𝑘,𝑛𝑘), (k⊂ 𝑒𝑠) that is, 𝑙𝑘,𝑗 > 0, (𝑗 = 1,… , 𝑛𝑘) for all 𝑘 ∈ 𝑒𝑠. 

Here we consider by  Q the set of vectors i= (𝑖1, … , 𝑖𝑠) where ik= 1,2,…, 𝑛𝑘 for 

every 𝑘 ∈ 𝑒𝑠.  The number of set Q is equal to: 

|𝑄| =∏(1 + 𝑛𝑘).

𝑠

𝑘=1

__________________________________________
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Therefore, to the vector i= (𝑖1, … , 𝑖𝑠) ∈ 𝑄, we shall correspond  the vector 

𝑙𝑖 = (𝑙1
𝑖1; … ; 𝑙𝑠

𝑖𝑠)  of the set of non−negative, integral vectors l=(𝑙1, … , 𝑙𝑠), where 

𝑙0 = (0,0,… ,0), 𝑙𝑘
1 = (𝑙𝑘,1, 0, … ,0),… , 𝑙𝑘

𝑖𝑘 = (0,0, . . , 𝑙𝑘,𝑛𝑘)

for all 𝑘 ∈ 𝑒𝑠. Then to the vector 𝑒𝑖, we let correspond the vector 𝑙𝑖̅=(𝑙 ̅1
𝑖1 , 𝑙 ̅1

𝑖2 , … ,

𝑙 ̅1
𝑖𝑠  ), where 𝑙 ̅𝑘

𝑖𝑘 = (𝑙 ̅𝑘,1
𝑖1 , 𝑙 ̅𝑘,2

𝑖2 , …,   𝑙 ̅𝑘,𝑛𝑘
𝑖𝑘 ) (𝑘 ∈ 𝑒𝑠) . Here the largest number 𝑙 ̅𝑘,𝑗

𝑖𝑘  is less 

than 𝑙𝑘,𝑗
𝑖𝑘    for all  𝑙𝑘,𝑗

𝑖𝑘 >0, when  𝑙𝑘,𝑗
𝑖𝑘 =0  then we assume that    𝑙 ̅𝑘,𝑗

𝑖𝑘 = 0 for all 𝑘 ∈ 𝑒𝑠 .

Theremore, we consider

𝐷𝑙
𝑖̅
𝑓 = 𝐷1

𝑙̅1
𝑖1

∙∙∙ 𝐷𝑠
𝑙𝑠̅
𝑖𝑠

𝑓,    𝐷
𝑘

𝑙̅𝑘
𝑖𝑘

𝑓 = 𝐷
𝑘,1

𝑙 ̅𝑘
𝑖𝑘

∙∙∙ 𝐷
𝑘, 𝑛𝑘

𝑙 ̅𝑘
𝑖𝑘

𝑓, 𝐺𝑡𝜘 = 𝐺 ∩ 𝐼𝑡𝜘(𝑥),

𝐼𝑡𝜘(𝑥) = 𝐼𝑡1
𝜘1(𝑥1) × 𝐼𝑡2

𝜘2(𝑥2) ×∙∙∙× 𝐼𝑡𝑠
𝜘𝑠(𝑥𝑠),

𝐼
𝑡𝑘
𝜘𝑘(𝑥𝑘)={𝑦𝑘 ∶ |𝑦𝑘 − 𝑥𝑘| <

1

2
𝑡𝑘
|𝜘𝑘|, 𝑘 ∈ 𝑒𝑠 }

and

|𝛽𝑘| = ∑𝛽𝑘,𝑗
𝑖𝑘

𝑛𝑘

𝑗=1

;  |𝛽𝑘
𝑖𝑘| = ∑𝛽𝑘,𝑗

𝑖𝑘

𝑛𝑘

𝑗=1

  
𝑑𝑡𝑘
𝑡𝑘

=∏
𝑑𝑡𝑘,𝑗
𝑡𝑘,𝑗

,

𝑗∈𝑒𝑘
𝑖

we take 0<𝛽𝑘,𝑗
𝑖𝑘 = 𝑙𝑘,𝑗

𝑖𝑘 − 𝑙 ̅𝑘,𝑗
𝑖𝑘 ≤ 1, when  𝑙𝑘

𝑖𝑘 > 0, but when 𝑙𝑘,𝑗
𝑖𝑘 = 0, then 𝛽𝑘,𝑗

𝑖𝑘 = 0; 

𝑡 = (𝑡1, … , 𝑡𝑠), 𝑡𝑘 = (𝑡𝑘,1, … , 𝑡𝑘,𝑛𝑘), 𝜔 = (𝜔1, … , 𝜔𝑠), 𝜔𝑘 = (𝜔𝑘,1, … , 𝜔𝑘,𝑛𝑘) and 

we take 

𝜔𝑘,𝑗 = 1, when  k∈ 𝑒𝑖 ,

or we give 

𝜔𝑘,𝑗=0, when  k∈ 𝑒𝑠 ∕ 𝑒
𝑖 ,

𝑒𝑖 = 𝑠𝑢𝑝𝑝𝑙𝑖̅ = 𝑠𝑢𝑝𝑝𝑙𝑖 = 𝑠𝑢𝑝𝑝𝜔,1 ≤ 𝜃 ≤ ∞; 1 ≤ 𝑝 < ∞.

Here 𝑡0 = (𝑡0,1, … , 𝑡0,𝑠), 𝑡0,𝑘 = (𝑡0,𝑘,1, … , 𝑡0,𝑘,𝑛𝑘) −is fixed vector and ϰ∈ (0,∞)𝑛 , 

a∈ [0, 1], 𝜏 ∈ [1,∞], [𝑡𝑘]1 = min{1, 𝑡𝑘}, 𝑘 ∈ 𝑒𝑠. Here

∆𝜔(𝑡)𝑓 = ∆1
𝜔1(𝑡1) ⋅⋅⋅ ∆𝑠

𝜔𝑠(𝑡𝑘)𝑓,
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when  2𝜔 = (2, 2,… , 2), and 

∆𝑘
𝜔𝑘(𝑡𝑘)𝑓 = ∆𝑘,1

𝜔𝑘,1(𝑡𝑘,1) ∙∙∙ ∆𝑘, 𝑛𝑘
𝜔𝑘, 𝑛𝑘(𝑡𝑘,𝑛𝑘)𝑓, (𝑘 ∈ 𝑒𝑠),

following ∆
𝑘,𝑗𝑘

𝜔𝑘, 𝑗𝑘(𝑡𝑘,𝑗𝑘)𝑓 are finite difference function, which has  direction with 

variables  𝑡𝑘,𝑗𝑘 and with order 𝜔𝑘, 𝑗𝑘  , by step   𝑡𝑘, 𝑗𝑘 for 𝑗 = 1,… , 𝑛𝑘 and for all and 

𝑘 ∈ 𝑒𝑠, following 

∆𝑘, 𝑗𝑘
1 (𝑡𝑘,𝑗𝑘)𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 ,∙∙∙ ) =

 𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 + 𝑡𝑘, 𝑗𝑘 ,∙∙∙ ) −  𝑓(∙∙∙, 𝑥𝑘,𝑗𝑘 ,∙∙∙ ),

and

∆
𝑘, 𝑗𝑘

𝜔𝑘, 𝑗𝑘(𝑡𝑘,𝑗𝑘)𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 ,∙∙∙ ) =

∆𝑘, 𝑗𝑘
1 (𝑡𝑘,𝑗𝑘) {∆𝑘, 𝑗𝑘

𝜔𝑘, 𝑗𝑘−1(𝑡𝑘, 𝑗𝑘)𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 ,∙∙∙ )},

but when 𝜔𝑘, 𝑗𝑘 = 0, then

∆𝑘, 𝑗𝑘
0 (𝑡𝑘, 𝑗𝑘)𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 ,∙∙∙ ) =   𝑓(∙∙∙, 𝑥𝑘, 𝑗𝑘 ,∙∙∙ ).

[10, 24, 25, 27]

Let us assume that we have a basis functions Φ= {𝜑𝑛}𝑛=1
∞ . Given function f(x) can 

be rewritten with this basis: 𝑓(𝑥) = ∑ 𝑐𝑛𝜑𝑛(𝑥)
∞
𝑛=1 . Hence we obtain

〈𝜑𝑘 , 𝑓〉 = 〈𝜑𝑘 ,∑ 𝑐𝑛𝜑𝑛(𝑥)

∞

𝑛=1

 〉 = ∑ 𝑐𝑛〈𝜑𝑘 , 𝑓〉 =

∞

𝑛=1

∑𝑐𝑛〈𝜑𝑘, 𝜑𝑛〉

∞

𝑛=1

= 〈𝜑𝑘 ,∑ 𝑐𝑘𝜑𝑘(𝑥)

∞

𝑘=1

 〉.

If introducing basis is an orthogonal basis, then we get 〈𝜑𝑘 , 𝜑𝑛〉 = 𝑛𝑘𝛿𝑘𝑛,
where 𝛿𝑘𝑛 is the Kronecker delta:

𝛿𝑗𝑛 = {
1,       𝑘 = 𝑛
0,         𝑘 ≠ 𝑛

.

Then we hold

〈𝜑𝑘, 𝑓〉 = ∑ 𝑐𝑛〈𝜑𝑘 , 𝜑𝑛〉

∞

𝑛=1

=∑ 𝑐𝑛𝑛𝑘𝛿𝑘𝑛.
∞

𝑛=1
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That is, 

𝑐𝑘 =
〈𝜑𝑘 , 𝑓〉

𝑛𝑘
=

〈𝜑𝑘, 𝑓〉

〈𝜑𝑘 , 𝜑𝑘  〉
, 𝑘 = 1, 2,…

Let {𝜑𝑛}𝑛=0
∞ be a linearly independent sequence of continuous functions 

defined for 𝑥 ∈ 𝑅𝑛. The an orthogonal basis of functions can be found following

𝜑0 = 𝑓0, 𝜑𝑘 = 𝑓𝑘 −∑
〈𝑓𝑘 , 𝜑𝑛〉

‖𝜑𝑛‖
𝜏

𝑛−1

𝑛=0

, 𝑛 = 1, 2,…

[5, 7, 21, 26]

Definition. We denote by

ℒ𝑝,𝑎,𝜘,𝜏(𝐺)
                                                           (1)

normed Lorentz−Morrey space of locally summability, measurable  functions f, on 

G, with finite norm (𝑁𝑖 > 𝑙𝑖 > 𝑚𝑖 ≥ 0, i=1,2,…,n)

‖𝑓‖𝑝,𝑎,𝜘,𝜏: 𝐺 = ‖𝑓‖ℒ𝑝
,

𝑎
,

𝜘
,

𝜏(𝐺) =

{
 
 

 
 
{∫ [∏ [𝑡𝑘]1

−
|𝜘𝑘|𝑎

𝑝
−1
×𝑘∈𝑒𝑠
‖𝑓∗‖𝑝,𝐺𝑡𝜘(𝑥)]

𝜏
∞

0
∏

𝑑𝑡𝑘

𝑡𝑘
𝑘∈𝑒𝑠 }

1 𝜏⁄

𝑠𝑢𝑝0<𝑡<∞ (∏ [𝑡𝑘]1
−
|𝜘𝑘|𝑎

𝑝
𝑘∈𝑒𝑠 × ‖𝑓∗‖𝑝,𝐺𝑡𝜘(𝑥))

,                   (2)                                  

where |𝜘𝑘|=∑ 𝜘𝑘,𝑗
𝑛𝑘
𝑗=1 ; [𝑡𝑘]1 = min{1, 𝑡𝑘} and 𝑓∗(𝑡) is the decreasing 

rearrangement of f [ 9]. 

The properties of this space are main objects of Analysis. Let us give some 

characterization of   ℒ𝑝,𝑎,𝜘,𝜏(𝐺):

1) ‖∙‖𝑝,𝑎,𝜘,𝜏:𝐺 is a qiasi-norm.

2) We must note that, for every 𝜏 > 0

ℒ𝑝,𝑎,𝜘,𝑝(𝐺) = ℒ𝑝,𝑎,𝜘(𝐺)
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3) The space ℒ𝑝,𝑎,𝜘,𝜏(𝐺) is complete.

4) For c>0 we have

‖𝑓‖𝑝,𝑎,𝑐𝜘,𝜏: 𝐺 =
1

𝐶
𝑠
𝜏

‖𝑓‖𝑝,𝑎,𝜘,𝜏: 𝐺 .  

5) For any ϰ=(𝜘1, … , 𝜘𝑛) > 0 we get:

a)‖𝑓‖𝑝,0,𝜘,∞: 𝐺 = ‖𝑓‖𝑝,𝐺;

b)‖𝑓‖𝑝,1,𝜘,𝜏: 𝐺 ≥ ‖𝑓‖∞,𝐺.

6) If  𝑝 ≤ 𝑞,
1−𝑏

𝑞
≤

1−𝑎

𝑝
, 1 ≤ 𝜏1 ≤ 𝜏2 ≤ ∞ then

ℒ𝑞,𝑏,𝜘,𝜏1(𝐺) ⊂> ℒ𝑝,𝑎,𝜘,𝜏2(𝐺)

and

‖𝑓‖𝑝,𝑎,𝜘,𝜏2: 𝐺 ≤ ‖𝑓‖𝑞,𝑏,𝜘,𝜏1: 𝐺.                                       (3)

[2, 4, 8, 15, 16, 18, 23]

Some relations between this norm and some corresponding sums of Fourier 

coefficients are introduced for the case with a general orthonormal bounded system.

Let us take following well-known inequalities for 1<p<∞

𝑐1‖𝑓‖̅ℒ𝑝,𝑎,𝜘,𝜏(𝐺)
𝑝

≤∑∏[𝑡𝑘]1
−
|𝜘𝑘|𝑎
𝑝
 ×

𝑘∈𝑒𝑠𝑖∈𝑄

|𝑟𝑘|𝑝 ≤
𝑐2

∏ [𝑡𝑘]1

−
|𝜘𝑘|𝑎
𝑝

 𝑘∈𝑒𝑠

‖𝐷𝑙
𝑖̅
𝑓‖

ℒ𝑝,𝑎,𝜘,𝜏(𝐺)

𝑝
                    (4).

In addition, here

𝑓(𝑡)̅̅ ̅̅ ̅̅ =
1

∏ [𝑡𝑘]1
−
|𝜘𝑘|𝑎
𝑝
 𝑘∈𝑒𝑠

×∫ 𝑓(𝑠)∏
𝑑𝑠𝑘
𝑠𝑘

𝑘∈𝑠𝑘

∞

0

and 𝑓 ˈ(𝑡) is the derivative of the function f(t). That is, {𝑎𝑘}𝑘=1
∞ are the Fourier 

coefficients of the function f. Here, {𝑎𝑘
∗}𝑘=1
∞ is the nonincreasing rearrangement of 

the sequence {|𝑎𝑘|}𝑘=1
∞ .
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Let us give generalized Lorentz˗Morrey space such that

‖𝑓‖𝛬𝑝,𝑎,𝜘,𝜏(𝜔) =

{
{∫ [∏ [𝑡𝑘]1

−
|𝜘𝑘|𝑎

𝑝
−1
×𝑘∈𝑒𝑠
‖𝑓∗‖𝑝,𝐺𝑡𝜘(𝑥)𝜔(𝑡)]

𝜏
∞

0
∏

𝑑𝑡𝑘

𝑡𝑘
𝑘∈𝑒𝑠 }

1 𝜏⁄

, 𝑓𝑜𝑟 0 < 𝜏 < ∞

𝑠𝑢𝑝0<𝑡<∞(‖𝑓
∗(𝑡)𝜔(𝑡)‖𝑝,𝐺𝑡𝜘(𝑥)), 𝑓𝑜𝑟 𝜏 = ∞

     

and where 𝜔(𝑡) positive, having some additional growth property and

‖𝑓‖𝛬𝑝,𝑎,𝜘,𝜏(𝜔) < ∞.

Therefore, in this problem, if ∑ 𝑐𝑛
𝑁
𝑛=1 𝜑𝑛 converges, then

∫ (𝑓(𝑥) −∑𝑐𝑛

𝑁

𝑛=1

𝜑𝑛)

𝜏

→ 0,𝑁 → ∞.
∞

0

Definition: Let 𝑓(𝑥) = 𝑓(𝑥1, … , 𝑥𝑠) be integrability function with s 

variables x1, …, xs defining on the Rn. The Fourier series expansion of the function 

f is following

𝑓(𝜎) = 𝑓(𝜎1, … , 𝜎𝑠) = ∫∫∙∙∙ ∫ 𝑒
−𝑖(𝑥1𝜎1+∙∙∙+𝑥𝑠𝜎𝑠)∏ 𝑥𝑘𝑘∈𝑒𝑠 .

Then we hold

𝑓(𝑥) =
1

2𝜋
∫(∙∙∙

∞

0

1

2𝜋
{∫ 𝑓(𝑥1, … , 𝑥𝑠)

∞

0

𝑒𝑖𝑥𝑠∙𝜎𝑠𝑑𝜎𝑠} ×

𝑒𝑖𝑥𝑠−1∙𝜎𝑠−1𝑑𝜎𝑠−1 ∙∙∙)𝑒
𝑖𝑥1∙𝜎1

𝑑𝜎1

𝜎1
.                                      (5)

We can imagine writing the Fourier series as following

∑ 𝑐𝜎1,⋯,𝜎𝑠𝑖𝜖𝑄 ∏ 𝑒2𝜋𝜎𝑘∙𝑥𝑘𝑘∈𝑒𝑠 .
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The Fourier series expansion in n dimensional is approximated  following

𝑓(𝑥) = ∑ 𝑐𝑖𝑖∈𝑍𝑛 ∏ 𝑒2𝜋𝜎𝑘∙𝑥𝑘𝑘∈𝑒𝑠 .

The Fourier coefficients (𝑓 = 𝑐𝑛) can be defined by the integral

𝑓 = ∫ ∫ 𝑒−2𝜋𝑖𝜎1𝑥1𝑒−2𝜋𝑖𝜎2𝑥2

∞

0

⋯𝑒−2𝜋𝑖𝜎𝑠𝑥𝑠𝑓(𝑥1, ⋯ 𝑥𝑠)

∞

0

∏𝑥𝑘
𝑘∈𝑒𝑠

𝑟𝑘 = 𝑟𝑘(𝑓) = ∫ 𝑓(𝑥)𝜑𝑘(𝑥)𝑑𝑥, 𝑘 ∈ 𝑁
∞

0
.

[11, 12, 22]

Theorem (Generalized Parseval): Let 𝑓 ∈ ℒ𝑝,𝑎,𝜘,𝜏(𝐺). Then 

‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜏(𝐺)
𝜏 =∑|𝑟𝑘|

𝜏

∞

𝑘=1

where

𝑟𝑘 = 𝑟𝑘(𝑓) = ∫ |∏[𝑡𝑘]1
−
|𝜘𝑘|𝑎
𝑝

−1
×

𝑘∈𝑒𝑠

𝑓(𝑥)| ×

∞

0

∏𝑒2𝜋𝜎𝑘∙𝑥𝑘

𝑘∈𝑒𝑠

∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

are the Fourier coefficients of the functions f with respect to the trigonometric 

system.

Proof: Inverse of Fourier transformation is

𝑓(𝑥) = ∑𝑟𝑘(𝜎)∏𝑒2𝜋𝜎𝑘∙𝑥𝑘

𝑘∈𝑒𝑠

∞

𝑘=1

Use these two properties to rewrite the left-hand side of this theorem:

∫|𝑓(𝑥)|𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

= ∫|𝑓(𝑥)| ∙ |𝑓(𝑥)|⋯ |𝑓(𝑥)|

∞

0

∞

0

∏𝑥𝑘
𝑘∈𝑒𝑠

=

∑ |𝑟𝑘|{⋯∑ |𝑟𝑘(𝜎)|∏ 𝑒2𝜋𝜎𝑘∙𝑥𝑘𝑘∈𝑒𝑠
∞
𝑘=1 }∞

𝑘=1 .

Then we hold

II. SOME MAIN RESULTS
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∫|𝑓(𝑥)|𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

=∑|𝑟𝑘| {⋯∑|𝑟𝑘(𝜎)|∏𝑒2𝜋𝜎𝑘∙𝑥𝑘

𝑘∈𝑒𝑠

∞

𝑘=1

}

∞

𝑘=1

∞

0

=

= ∑ |𝑟𝑘|⋯∑ |𝑟𝑘
∗|∞

𝑘=1
∞
𝑘=1 .

Taking generalized Cauchy-Schwarz and Holder inequalities we have

∫ |𝑓(𝑥)|𝜏∏ 𝑑𝑥𝑘 =𝑘∈𝑒𝑠

∞

0
∑ |𝑟𝑘|⋯∑ |𝑟𝑘

∗|∞
𝑘=1

∞
𝑘=1 =∑ |𝑟𝑘|

𝜏∞
𝑘=1 .

We must note that, Bessel inequality holds for any general orthonormal 

system.  Let the function f be periodic with period 1 and integrable on [0, ∞) and 

Φ= {𝜑𝑛}𝑛=1
∞ be an orthogonal system. The numbers

𝑟𝑛 = 𝑟𝑛(𝑓) = ∫ |𝑓(𝑥)𝜑𝑘(𝑥)|∏ 𝑑𝑥𝑘𝑘∈𝑒𝑠

∞

0
, 𝑛 ∈ 𝑁,

are called  the Fourier coefficients of the function f with respect to the system Φ=
{𝜑𝑛}𝑛=1

∞ . 

           Theorem (Bessel F.): Let 𝛷 = {𝜑𝑘}𝑘=1
∞ are orthonormal system in 

ℒ𝑝,𝑎,𝜘,𝜏(𝐺), 𝑓 ∈ ℒ𝑝,𝑎,𝜘,𝜏(𝐺), and 𝑟𝑘 = 𝑟𝑘(𝑓) = ∫ 𝑓(𝑥)𝜑𝑘(𝑥)∏ 𝑑𝑥𝑘𝑘∈𝑒𝑠 ,
∞

0
𝑘 ∈

{1,⋯ ,∞} are the Fourier coefficients of the function f. Then

∑ |𝑟𝑘|
𝜏 ≤ ∫ |∏ [𝑡𝑘]1

−
|𝜘𝑘|𝑎

𝑝
−1
×𝑘∈𝑒𝑠 𝑓(𝑥)|

𝜏
∞

0
∞
𝑘=1 ∏

𝑑𝑥𝑘

𝑥𝑘
𝑘∈𝑒𝑠 = ‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜏(𝐺)

𝜏 .

Proof of theorem: Let us rewrite following

∑ |𝑟𝑘|
𝜏 = ∑ [∫ 𝑓(𝑥)𝜑𝑘(𝑥)∏ 𝑑𝑥𝑘𝑘∈𝑒𝑠  

∞

0
]
𝜏∞

𝑘=1
∞
𝑘=1 .

If we introduce infinite sum

𝑓 = ∑∫(𝑓(𝑥)𝜑𝑘(𝑥))𝜑𝑘(𝑥)∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

.

∞

0

∞

𝑘=1

We know that, this series converges. With aid to Parseval’s identity we have 

following
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0 ≤ ‖𝑓 −∑∫(𝑓(𝑥)𝜑𝑘(𝑥))𝜑𝑘(𝑥)∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

 

∞

0

∞

𝑘=1

‖

𝜏

=

‖𝑓‖𝜏 − 𝐶𝜏
1∑∫ 𝑓(𝑥) ∙ ((𝑓(𝑥)𝜑𝑘(𝑥))𝜑𝑘(𝑥))∏𝑑𝑥𝑘

𝑘∈𝑒𝑠

+ 

∞

0

∞

𝑘=1

⋯+ (−1)𝜏+1𝐶𝜏
𝜏∑∫|𝑓(𝑥)𝜑𝑘(𝑥)|

𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

= 

∞

0

∞

𝑘=1

‖𝑓‖𝜏 − 𝐶𝜏
1∑∫ 𝑓(𝑥)

∞

0

∞

𝑘=1

|𝑓(𝑥)𝜑𝑘(𝑥)|
𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

+⋯

(−1)𝜏+1𝐶𝜏
𝜏∑∫|𝑓(𝑥)𝜑𝑘(𝑥)|

𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

= 

∞

0

∞

𝑘=1

‖𝑓‖𝜏 +∑∫|𝑓(𝑥)𝜑𝑘(𝑥)|
𝜏∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

 

∞

0

∞

𝑘=1

or 0 ≤ ‖𝑓‖𝜏. (if τ is even)

Let us introduce Rietz F. and Ficher E. theorem for Lorentz-Morrey type 

spaces with many groups of variables, which is the result that given space is 

complete and that is, every Cauchy sequence of function in ℒ𝑝,𝑎,𝜘,𝜏(𝐺) convergence 

to a function in ℒ𝑝,𝑎,𝜘,𝜏(𝐺).

Theorem (Rietz F. and Ficher E.): Let 𝛷 = {𝜑𝑘}𝑘=1
∞ are orthonormal 

system in ℒ𝑝,𝑎,𝜘,𝜏(𝐺) and {𝑎𝑘}𝑘=1
∞   be an arbitrary sequence of ∑ |𝑎𝑘|

𝜏 < ∞∞
𝑘=1 Then 

there exists a function 𝑓 ∈ ℒ𝑝,𝑎,𝜘,𝜏(𝐺) for which the numbers 𝑎𝑛 are its Fourier 

coefficients in this system and following inequality exits

‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜏(𝐺)
𝜏 ≤∑|𝑟𝑘|

𝜏.

∞

𝑘=1

Proof of the theorem: In order to proof this theorem I have to proof that, given 

space is complete. It has been proved in [19].

From this theorem we hold following theorem.
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            Teorem: (F. Hausdorf and W. Yong)

1) If 1 < 𝜏 ≤ 2, 𝑓 ∈ ℒ𝑝,𝑎,𝜘,𝜏(𝐺) and

𝑟𝑘 = 𝑟𝑘(𝑓) = ∫ |∏[𝑡𝑘]1
−
|𝜘𝑘|𝑎
𝑝

−1
×

𝑘∈𝑒𝑠

𝑓(𝑥)|∏𝑒2𝜋𝜎𝑘∙𝑥𝑘

𝑘∈𝑒𝑠

∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

∞

0

then we get

(∑ |𝑟𝑘|
𝜌

𝑘∈𝑍𝑛

)

1 𝜌⁄

≤ ‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜌(𝐺).

2) If 𝜌 ≥ 2 and {𝑟𝑘}𝑘∈𝑍 ∈ ℒ𝑝,𝑎,𝜘,𝜌(𝐺) then the trigonometric series ∑ 𝑟𝑘𝑒
2𝜋𝑖𝑘𝑥

𝑘∈𝑍

converges in the metric ℒ𝑝
,
𝑎
,
𝜘
,
𝜌(𝐺) to some function f and it holds that

‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜌(𝐺) ≤ (∑ |𝑟𝑘|
𝜌

𝑘∈𝑍𝑛

)

1 𝜌⁄

.

Where 𝜌 =
𝜏

𝜏−1
.

Teorem (Paley R.): Let  {𝜑𝑘}𝑘=1
∞ be the orthonormal system on 𝑅𝑛 such that 

|𝜑𝑘(𝑡)| ≤ 𝑀 for all 𝑘 ∈ 𝑁 and 𝑥 ∈ 𝑅𝑛 and 𝑟𝑖 = 𝑟𝑖(𝑓) = ∫ 𝑓(𝑥)𝜑𝑖(𝑥)∏ 𝑑𝑥𝑘𝑘∈𝑒𝑠 ,
∞

0

𝑘 ∈ 𝑁. Then we have

1) (∑ |𝑟𝑖|
𝜏∞

𝑖=1 𝑘𝜏−2)1 𝜏⁄ ≤ 𝑐3𝑀
2−𝜏

𝜏 ‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜏(𝐺) ,

where 1 < 𝜏 ≤ 2 and 𝑓 ∈ ℒ𝑝,𝑎,𝜘,𝜏. 

2) ‖𝑓‖ℒ𝑝,𝑎,𝜘,𝜏(𝐺) ≤ 𝑐4𝑀
𝜏−2

𝜏 (∑ |𝑟𝑘|
𝜏 × 𝑘𝜏−2∞

𝑖=1 )1 𝜏⁄ < ∞

where 2 ≤ 𝜏 < ∞ and the sequence {𝑟𝑘}𝑘=1
∞ satisfies the following condition

(∑𝑟𝑖

∞

𝑖=1

× 𝑘𝜏−2)

1 𝜏⁄

< ∞

and the function f is given by the formula 𝑓 = lim
𝑖→∞

[∑ 𝑟𝑖𝜑𝑘
∞
𝑖=1 ].

Proof: Taking inequality (2.7.3) in [17] we hold
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(∑|𝑟𝑘|
𝜏

∞

𝑘=1

𝑘𝜏−2)

1 𝜏⁄

≤∑{|𝑟𝑘|
𝜏}1 𝜏⁄

∞

𝑘=1

∑{𝑘𝜏−2}1 𝜏⁄

∞

𝑘=1

=

= ∑ |𝑟𝑘|
∞
𝑘=1 ∑ {𝑘𝜏−2}1 𝜏⁄∞

𝑘=1 .

Then taking Bessel theorem we get

∑|𝑟𝑘|

∞

𝑘=1

= ‖𝑓‖𝑝

and using Hardy-Littlewood inequality follows

∑{𝑘𝜏−2}1 𝜏⁄

∞

𝑘=1

=∑ 𝑘
𝜏−2
𝜏

∞

𝑘=1
=

∑(𝑘
2−𝜏
𝜏 )

−1 𝜏⁄

≤

∞

𝑘=1

𝑐3𝑀
2−𝜏
𝜏 .

Then we get given first assumption.

2) Taking the Hardy-Littlewood inequality and Minkowski's inequality we hold

𝑐4𝑀
𝜏−2
𝜏 (∑|𝑟𝑘|

𝜏 × 𝑘𝜏−2
∞

𝑖=1

)

1 𝜏⁄

≥ 𝑐4𝑀
𝜏−2
𝜏 (∑|𝑟𝑘|

𝜏 × (|𝑘| + 1)𝜏−2
∞

𝑖=1

)

1 𝜏⁄

≥

(∑|𝑟𝑘
∗|𝜏 × (|𝑘| + 1)𝜏−2

∞

𝑖=1

)

1 𝜏⁄

≥ ∫|𝑓(𝑥)|𝜏
∞

0

∏𝑑𝑥𝑘
𝑘∈𝑒𝑠

.

Theorem A: Let us suppose that the function f satisfying following 

conditions

|𝑓(𝑥1 + 𝑡1, 𝑥2, ⋯ 𝑥𝑠) − 𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠)| ≤ 𝐶|𝑡1|
𝛼

|𝑓(𝑥1, 𝑥2 + 𝑡2, ⋯ 𝑥𝑠) − 𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠)| ≤ 𝐶(𝑥1)|𝑡2|
𝛼

…………………………………………………

|𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠 + 𝑡𝑠) − 𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠)| ≤ 𝐶(𝑥1, ⋯ 𝑥𝑠−1)|𝑡𝑠|
𝛼

and
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∫ 𝐶(𝑥1)

∞

0

∏ 𝑑𝑥1,𝑘
𝑘=1,⋯𝑛𝑘

, 𝑘𝜖𝑒𝑠 < ∞

∫ 𝐶(𝑥1, ⋯ , 𝑥𝑠−1)

∞

0

∏ ∏ 𝑑𝑥1,𝑘
𝑘=1,⋯𝑛𝑘

 𝑘𝜖𝑒𝑠

< ∞, 0 < 𝛼 ≤ 1.

Then (5) holds, if we take limit for 𝑁𝑠 → ∞,… , 𝑁1 → ∞:

𝑓(𝑥) =
1

2𝜋
lim
𝑁1→∞

∫ (∙∙∙

𝑁1

−𝑁1

1

2𝜋
lim

𝑁𝑠−1→∞
{∫ lim

𝑁𝑠→∞
∫ 𝑓(𝑥1, … , 𝑥𝑠)

𝑁1

−𝑁1

𝑁𝑠−1

−𝑁𝑠−1

𝑒𝑖𝑥𝑠∙𝜎𝑠𝑑𝜎𝑠} ×

𝑒𝑖𝑥𝑠−1∙𝜎𝑠−1𝑑𝜎𝑠−1 ∙∙∙)𝑒
𝑖𝑥1∙𝜎1𝑑𝜎1.  (6)

Proof: Taking

𝑓1(𝜎1, 𝑥1, ⋯ , 𝑥𝑠) = ∫ 𝑓(𝑥1, ⋯ , 𝑥𝑠)

∞

0

𝑒𝑖𝑥1∙𝜎1 ∏ 𝑑𝑥1,𝑘
𝑘=1,⋯𝑛𝑘

and with aid of Fubini’s theorem the function 𝑓(𝑥1, ⋯ , 𝑥𝑠) is summarized for all 

𝑥2, ⋯ , 𝑥𝑠. Following taking first condition we get

𝑓(𝑥1, ⋯ , 𝑥𝑠) = lim
𝑁1→∞

1

2𝜋
∫ 𝑓1(𝜎1, 𝑥1, ⋯ , 𝑥𝑠)𝑒

𝑖𝜎1𝑥1

𝑁1

0

∏ 𝑑𝑥1,𝑘
𝑘=1,⋯𝑛𝑘

.

Indeed, the function 𝑓1(𝜎1, 𝑥1, ⋯ , 𝑥𝑠) is summarized for all 𝑥3, ⋯ , 𝑥𝑠. In addition, 

with aid of given condition we have

|𝑓(𝜎1, 𝑥2 + 𝑡2, ⋯ 𝑥𝑠) − 𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠)| ≤

∫ |𝑓(𝜎1, 𝑥2 + 𝑡2, ⋯ 𝑥𝑠) − 𝑓(𝑥1, 𝑥2, ⋯ 𝑥𝑠)| ≤
∞

0

|𝑡𝛼|
𝛼∫ 𝐶(𝑥1)

∞

0

∏ 𝑑𝑥1,𝑘
𝑘=1,⋯𝑛𝑘

.
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Then we hold following

𝑓2(𝜎1, 𝜎2, 𝑥1, ⋯ , 𝑥𝑠) = ∫ 𝑓1(𝑥1, ⋯ , 𝑥𝑠)

∞

0

𝑒𝑖𝑥2∙𝜎2 ∏ 𝑑𝑥2,𝑘
𝑘=1,⋯𝑛𝑘

.

Then next expression is real

𝑓1(𝜎1, 𝑥1, ⋯ , 𝑥𝑠) = lim
𝑁2→∞

1

2𝜋
∫ 𝑓2(𝜎1, 𝜎2, 𝑥1, ⋯ , 𝑥𝑠)

𝑁
2

𝑁2

𝑒𝑖𝑥2∙𝜎2 ∏ 𝑑𝑥2,𝑘
𝑘=1,⋯𝑛𝑘

.

Where

𝑓(𝑥1, ⋯ , 𝑥𝑠)

= lim
𝑁1→∞

1

2𝜋
∫ { lim

𝑁2→∞

1

2𝜋
∫ 𝑓2(𝜎1, 𝜎2, 𝑥3, ⋯ , 𝑥𝑠)
𝑁2

0

𝑒𝑖𝜎2𝑥2

𝑁1

0

∏ 𝑑𝜎2,𝑘
𝑘=1,⋯𝑛𝑘

∏ 𝑑𝜎1,𝑘
𝑘=1,⋯𝑛𝑘

.

Then continuing such way we get our assumption. [3, 6, 13, 14, 20, 28]
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