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Solutions of Systems of Two Linear RST Order
Ordinary Dierential Equations

G. A. Grigorian

ABSTRACT

The method of comparing the solutions of a system of linear equations with solutions of such a
system with piecewise constant coecients (the discrete ordinates method) and Rtccati equation
method is used for estimating solutions of systems of two rst order linear equations. Two
principal (essentially dierent) cases have been considered, for which some explicit estimates in
terms of coecients of linear systems have been obtained. By examples the obtained results are
compared with the results obtained by methods of Liapunov, Yu. S. Bogdanov, T. Wazevski,
estimates of solutions by logarithmic norm of S. M. Lozinski and the method of freezing.

Keywords. systems of equations with piecewise constant coecients, the Riccati equation, normal
and extremal solutions, main, nonprincipal and ordinary solutions of the system, the theorem of
Wazevski.

l. INTRODUCTION

Let a;,(t) (j,k = 1,2) be complex-valued continuous functions on the interval [ty, +00).
Consider the system

¢'(t) = ann(t)o(t) + ar(t)P(t);
V'(t) = asi (t)p(t) + azz(t)(t),
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(1.1)

t > to. Study of the question of stability of solutions of differential equations and systems of
differential equations, in particular of system (1.1), is an important problem of qualitative
theory of differential equations and many works are devoted to it (see [1], [2] and cited
works therein |3 - 10]). The fundamental theorem of R. Bellman (see [2]|, pp. 168, 169)
reduces the study of boundedness of solutions of wide class of nonlinear systems to the
study of stability of linear systems of differential equations. Many problems of mechanics,
physics and other natural sciences are connected with the study of stability of the linear
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systems of differential equations (in particular of the linear differential equations) too
(see for example [6,7]). One of ways to study the mentioned above question is the use of
different methods of estimations of solutions of systems of being studied equations (see

[4])-

In this paper some estimates of solutions of the system (1.1) in terms of its coefficients
are obtained. To obtain them it was used the method of approximation of solutions of
(1.1) by solutions of system with piecewise constant coefficients (the discrete ordinates
method).

t t
Denote: P(t) = ais(t) exp{f[agg(T) - an(T)]dT}, Q(t) = an(t) exp{f[an(ﬂ —
to to
aga (T )}dr}. In this article we will study the following two principal cases:

A) P(t) >0, Qt) <0, t>to;
B) P(t)>0, Q) >0, t>t

(the case P(t) < 0, Q(t) >0, t > tg, is similar to the case A), and the case P(t) < 0,
Q(t) < 0, t > tg, is reducible to the case B) by the simple substitution ¢(t) — —¢(t)).
The case A) can be geometrically interpreted as a case, when the origin of coordinates
of phase plane of variables u, v is a "center” or a "focus” and the case B) as a a "saddle”
with respect to the curves {(u(t),v(t))}, t > to, where {(u(t),v(t))} are the solutions of
the system

(1.2)

t > to. On examples the obtained results are compared with the results obtained by
methods of Liapunov, Yu. S. Bogdanov, T. Wazevski, estimates of solutions by logarithmic
norm of S. M. Lozinski and of freezing.

. AUXILIARY PROPOSITIONS

Lemma 2.1. For each solution (¢(t),1(t)) of the system (1.1) and for each € > 0 and
t1 > to there exists piecewise constant functions aji, t > to, j,k = 1,2, such, that the

solutions (¢(t), (t)) of the system

¢'(t) = an(t)o(t) + arn(t)P(t);
V() = Qo1 (t)p(t) + ana(t)Y(t),

(2.0)
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t > to. with bto) = dlto), W(to) = w(to) satisfy the inequalities: |p(t1) — (t1)] < e,
[W(t) — ()] < e.

The proof of this lemma is not difficult, and we omit it.

Remark 2.1. By a solution of the system (2.0) we will mean a pair of absolutely
continuous functions ¢(t) and Y(t), satisfying (2.0) almost everywhere on [ty, +00).

Let to < t; < ... <t, < ... be a finite or infinite sequens, and let p(t) = p; > 0, q(t) =
=q; >0, t€[tj;tjt1), 7=0,1,2,.... Consider the Cauchy problem

u'(t) = p(t)o(t);
V(1) = ~(yu(t); (2.1)
u(to) = uo); v(to) = v (),

t > to. Any solution of this system we will seek in the form

u(t) = Ajsin(y/Iit +w;),  o(t) = Aj/hycos(VIit +w;),  tE [t ti1), (2:2)

where l; = p;q;, h; = % and Aj;, w; are the sought constants, j =0, 1,2, .... By virtue of
J

initial conditions of problem (2.1) the unknowns Ay and wy we determine by solving the

system

Ay sin(\/Eto + wo) = U(0);

London Journal of Research in Science: Natural & Formal

(2.3)
Aov'ho COS(\/Eto + wo) = V(0)»
and the remaining unknowns by successive solving of the systems
Aj+1 Sin( lj+1tj+1 + UJj.H) = Aj Sin(\/Eth + (JJ]');
(2.4)
Ajiy/hjsrcos(Viatin + win) = Aj/hy cos (It + w)),
j=1,2,..... From (2.3) it follows
2
Yo
Ag =1y + h(—; (2.5)

Denote: Q; = \/l_jtj—i-l + Wy, 6]‘ = lj+1tj+1 + Wi+t1, j = O, 172, .... From (24) it is easy
to derive the equalities:

B+ i By =y

hy+his | Dyt =
2N 2hj 41

2h; 2h,

A?H - AJQ. CoS 204]} , A? = A?H [ J cos 253} )
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7 =20,1,2,.... From here it follows

J

h.
451 < 1Aj] < 4 h,j |Aj| - for hy =y (2.7)
j+1

j=0,1,2,.... From (2.2) it follows:

h;
[Aja| < [4;] < ;;1 [Ajra]  for hy < hjps (2.6)

1
u2(t)ﬁ +0%(t) = A3, teltytiz), 1=0,1,2,... (2.8)

J

Let the initial values u () and v be real. Then u(t) and v(t) will be real valued. Therefore,
from (2.8) we will have:

min{1, hj} A3 < u?(t) + 0*(t) < max{1,h;} A%, t € [t;,t;1), (2.9)
where h; = %, j=0,1,2,....

Definition 2.1. We shall say, that a continuous on the interval [to; +00) function
f(t) belongs to the class C. = C.[to, +00), if there exists an infinitely large sequence
Eo =t <& < ... <&, < ...such, that f(t) is a nondecreasing on the interval [£a,,, £2541]
and nonincreasing on the interval [£3,11,&2,42] function, n = 0,1,2,.... The numbers
&n, m=0,1,2, ... we shall call points of possible extremums of the function f(¢).

Let S(t) € C., and let &,, n=0,1,2,... be the points of possible extremums of S(t).
Note, that if &o,11 = a2, n = 0,1,2,..., then S(¢) is a nondecreasing function and if
Eon = &ont1, n =0,1,2 ..., then S(t) is a nonincreasing function. Let S(t) > 0, t > to.
Consider the functions

(1, t € [£o; &l

S
e, te & &l

rs(t)

Il
ol
==

nn
K
o
= |
=

t € [Son;onpa), n=1,2,..;

n—1
S(é2k-1) S(&2n—1) . _
VSV '€ il =23,
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(

S

S t € [§os &1l

S
T;@) = H (5252:1 te [§2n+1; £2n+2], n = 0, 1, e
n—1
S(€ak-1) S(t) . B

K |:k1;[9 \/ S(ZI;k)l :| \/S(£2n)7 t € [6271? €2n+1]7 n = 1, 2, ceey

)dT}, n=012,..

t
Let S(t) be absolutely continuous. Then % = exp{—%g [ =L
2n-+4

&k,
sészk_l) _ exp{_% s (T)dv}, k=1,2,... Therefore

rs(t) :exp{%/tsg%g)m}’ t > to, (2.10)

{ —S(t), if exists S'(t) > 0;

where S(_)(t) 0, otherwise,

t > to. By analogy it shows, that

r(t) ZGXP{%/tSE;()T()T)dT}, t > t, (2.11)

to

S(t), if exists S'(t) > 0;
0, 0therw1se

= S(H(t) + S )(t) in all the points of existence of S'(t). From here,
11)

t > to. It is clear that S'(t) = S(,,(t) —

London Journal of Research in Science: Natural & Formal

where S, ()z{
|

(o), [5°(t)

from (2 10) and (2. 1t follows

TS(t):“%exp{i |g<(77__>)|d7'}, > 1o, (2.12)
g(t)—“g((;))exp{i ’gg))’df}, t > to, (2.13)
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Let p(t) and ¢(t) be positive and continuous functions on the interval [to; +00). Consider
the system of equations

w'(t) = p(t)v(t);
(2.14)
v'(t) = —q(t)u(t),
t > to. Let us introduce some notations, necessary in the sequel: h(t) = Z(—g, hi(t) = 8,
g9(t) = min{{/h(t), \/4 ha(t)}, G(t) = max{y/h(t), Va()}, |[(x(t),y@)[ =
= ]z(t)]2+ [y(t)]?, = exp{ f ‘Z(T |d7} t > to, where x(t) and y(t) are continu-

ous functions on the interval [ty; +00), z(¢) is a absolutely continuous and positive function
on the interval [ty; +00) with locally finite variation.

Lemma 2.2. Let h(t) be an absolutely continuous function with locally finite variation.
Then for every solution (u(t),v(t)) of the system (2.14) the following inequalities hold:

T u(to), ot < I1((0), ()| < Gl)G O (wlto), o(to))lra(t), (2.15)

t> 1.

Proof. Let us consider first the case, when h(t) has the additional property: h(t) € C..
Let (uo(t),vo(t)) be a nontrivial real valued solution of the system (2.14), and let & =
to < & < ... <&, < ... be the possible extremums of the function h(t). Let ¢;(> to) and

£(> 0) be fixed. By virtue of Lemma 2.1 there exist piecewise constant functions p(t) and
q(t) such, that the solution (u(t),v(t)) of the system

t > to, with u(tg) = uo(to), v(to) = vo(to) satisfies the inequalities:

|’Zj(t1) - Uo(tl)l S g, ‘5@1) - Uo(t1)| S £. (216)

Without loss of generality we will assume that p(fk) = p(&), q(&) = q(&), k= 0,1,

L p(t) = p(t), qt) = q(ty); p(t) > 0, q(t) > 0, t > to; the function ? is

nondecreasing on the intervals [€x, &2x11] and nonincreasing on the intervals [{ox41, Eoxr2),
k=0,1,2,.... Then by (2.5) - (2.7), (2.9) the following inequalities hold

91(to)g1(t1)!|(uo(to), vo(to))l| ZE%; < |[(u(ty), v(t)|] < G1(to)G1(t1)|[(uo(to), vo(to))l],
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ift; € [0, &l

h(&o)
h(t1)

< Gl(to)Gl(tl)H(Uo(to)aUo(to))H\/ Ziiza if €[, 6]

1{t0)gn (12 (uo(t) o) | [H h’éf))] \/ e < i) sl <

91(to)g1(t1)|[(uo(to), vo(to))] < [[(u(t), v(t)]| <

< Gh(to) G ()| (uo(to), vo(to))I T | h}(jzz;)l)’ if t € [&on, Cnn], n=1,2,.;
k=1
h(&ar)

< |J(u(ty), v(t)[| <

91(to)g1(t1)|[(uo(to), vo(to))ll H h(&ak+1)

< Gilt0) G (11t vt [ﬂ, J ZEE;] \/ !

n =1,2,..., where g;(t) = min{1, \/hi(t)}, Gi1(t) = max{l,\/hi(t)}, t > to. It follows

from here, that

g1(to)g1(t1)||(uo(to), vo(to))l|
ry (t1)

< [[(u(t), v(t)]] <

London Journal of Research in Science: Natural & Formal

< Gi(to)Gi(t)|] (uo(to), vo(to))l|r, (tr)- (2.17)

By analogy (making the substitution w(t) — —u(t), interchanging p(t) and ¢(¢), as well
as interchanging u(t) and v(t)) we come to the inequalities

92(to)ga(t1)||(uo(to), vo(to))|l
ry (t)

< [[(u(t2), o(t))I] <

< Ga(to)Ga(t1)|[(uo(to), vo(to)) |7, (£1),
where ¢o(t) = min{l,\/h(t)}, Ga(t) = max{1l,\/h(t)}, t > tyo. From here and from
(2.17) we obtain:

\/91(t0>91(t1)92(t0)92(t1>

ry (t)ry (t)

[1(uo(to), vo(to))|] < [[(u(ta), o(t1)[] <

The Discrete Ordinates and the Riccati Equation Methods in thee Estimation of Growth of Solutions of Systems of two Linear first Order Ordinary
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<V Gi(to)Gi(t1)Ga(to) Ga(tr)]| (uo(to), volto)) ||/, (t)ry, (t1).  (2.18)
Obviously,

gi()ga(t) = g*(t), Gi(t)Ga(t) = G*(t),  t >to. (2.19)

Note (due to (2.12) and (2.13)), that r; (t) = r;f(t), ¢ > to. Then rj (t1)ri (t1) = ri(t1).
From here, from (2.18) and (2.19) we obtain:

g(t0)g(t)ll(uolto). voltoDIl |

), ()| <
rh(tl) 1 ( 1)||
< G(to)G(t1)|[(uo(to), vo(to))||rn(t1)-
From here and from (2.16) it follows:

9lto) gl Cuolto), bl /5 < 1ot wo(t)]] <

’f‘h(tl)

< G(to)G(t1)||(uo(to), volto))|rn(tr)+v 2.

By the arbitrariness of (> 0) from here we will have:

g(to)g(t1)|](uo(to), vo(to))l

’I"h(tl)

< [I(uo(t), vo(t1)]] <
< G(to) G ()] (uo(to), volto))[Ira(ty).  (2.20)
Let (u(t),v(t)) be an arbitrary (complex) solution of the system (2.14). Since (u(t),v(t)) =

= (u1(t),v1(t)) + i(ua(t), va(t)), where (u;(t),v;(t)), (j =1,2) are some real solutions of
the system (2.14), by (2.20) we will get:

jotolatu) | Z (u5(10), (1) ”2<21H“a (t). vy () <

< [G(to)G(ty)rn(ty)]? i 1w (to), v; (to)) |-

=1
Taking into account the equality ||(u(t),v(t))|]* = Z [|(w; (£),v;()]]?, t > tog, from here

we will have:

9llo)g(t)ll(utto). ooDIl ) 01,). w(tr)]] < Glt) 0] ulto). wlto))Iralty).

rr(t1)
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By virtue of arbitrariness of t;(> to) from here it follows (2.15). Thus, we have proved
(2.15) under the additional assumption h(t) € C.. Let us prove it in the general case.
Let Ac[to; T] be the space of absolutely continuous functions f(¢) of finite variation on

T

the interval [to; 7] with the norm || f(¢)|| = max, |f@®)]+ [|f'(T)|dr. Obviously the set of
t€|to; to

rational functions is everywhere dense in Ax[t, T|. In view of this we choose polynomials

p1(t) and ¢i1(t) such, that p1(t) > 0, ¢ (t) > 0, t > to, and such, that for each fixed

t1 € (to,T] and e(> 0) the following inequalities hold

‘g(to)g(tl) g(to)g(t1)
ru(th) ry(t1)

<« ‘G(to)G(tl)rh(tl) - é(to)é(tl)ﬁ(tl)‘ <e o (221)

where g(t) = min{%, m}’ é(t) = max{f/%, M}’ E(t) = fﬁ%,

hi(t) =289 ¢ > ¢ as well as (by Lemma 2.1) the following inequalities hold

lu(ty) — u(ty)| <e, lv(ty) —o(ty)| < e, (2.22)

where (u(t),v(t)) is the solution of the system

t > to, with u(ty) = u(ty), u(ty) = u(ty). Since obviously E(t)][to;Jroo) € C., by already
proven

AT XD < ). 500 < Gl o) 00D 1)

From here, from (2.21) and (2.22) it follows

London Journal of Research in Science: Natural & Formal

glto)g(t)lltutto), W0l /54 uto), wlta))l e < Il(u(tr), vt <

T’h(tl)

< G(to)G(t1)l|(ulto), v(to))lra(t) + [V2 + [[(ulto), v(to))|[Je.

By virtue of arbitrariness of ¢; € (to; T], T(> to) and (> 0) from here it follows (2.15).
The lemma is proved.
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Let us consider the Cauchy problem

v'(t) = q(t)u(t); (2.23)
u(ty) = U(0), v(to) = V(0),
t > to. Its solution we will seek in the form
u(t) = Ajy/b; exp{\/ljt} + Bjy/p; exp{—+/I;t};
v(t) = Aj /g5 exp{\/lit} — B; /@ exp{—+/1jt},

(2.24)

teltyitiv1), j=0,1,2,.... The unknowns Ay and By we can find by solving the system

Ao/Do exp{vIot)o} + Boy/Do exp{—vloto} = u(o)
(2.25)

Ao\/%exp{\/%to} — Bo\/%exp{—\/%to} = V(0)

and the remaining unknowns A;, B;(j = 1,2,...) we can find by successive solving the
systems

Ay /i exp{y/lit;} + Byy/bj exp{—/Ijt;} = u(ty)
A; /T exp{\/Iit;} — B; /35 exp{—+/1;t;} = v(t;)

7 =1,2,.... We have:

)G o)y _ult)VEG ) VE e
A= N exp{—+/1;t;}, Bj= N p{—/1jt;}.

From here, from (2.24) and (2.25) it follows

ult) = u(t;) ch{\/I;(t — t;)} + vt \/Esh{\/‘t—t

(2.26)
t;) ch{\/L;(t — t;)} + u(t; ,/q] sh{/L;(t —
t € [tj;tjv1), j=0,1,2,.... From here it is easy to derive the equalities
Vazu(t) + v/ro(t) = [Vagulty) + /pyo(t)] exp{y/I;(t - t€[tyitin), (2.27)

The Discrete Ordinates and the Riccati Equation Methods in thee Estimation of Growth of Solutions of Systems of two Linear first Order Ordinary
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7 =20,1,.... From here it follows

h.
h ’ \/p_jv<tj)> X
j+1

x ch{\/l;(tj1 — 1)} +< \/ h]i qu(t;) + pj”(%’)) shi{y/L(tj1 — tj)}] , (2.28)

J=0,1,2,.... Let u(ty) >0, v(ty) >0, u(te)®+ v(tp)? # 0. Then from (2.26) it follows
that

Vairu(tj)+y/pirv(ti) = \/% [(\/Q_J“(ta) +

u(t) >0, () >0, t>t. (2.29)

From here, from (2.27) and (2.28) we get

7
\ Jqﬂ[ Gru(ty) + /pot;)] exp{/1;(tis1—t;)} < Vamutis)Hy/Prmv(tie) <
J

p<
< —;jl[ qu(t;) + v/pyo(t))] exp{\/l;(t;1 — 1;)},  (2:30)
J

for h]’ Z hj+17 ] = O7 1, ...and

Pj+1
pj

[ qju(ty) + /pjo(t ] eXp{\/_ (tjr1—t)} < V@ru(tj)+y/Piv(t) <

<, /q;—jl [Vaju(t;) + /go(t }exp{\/_ (tjs1 — (2.31)

for h; < hjy1, j=0,1,.... Let us consider the system

London Journal of Research in Science: Natural & Formal

u(t) = p(t)o(t);
v'(t) = q(t)u(t),
t > to. Denote: e(t) = exp{tft \/p(T)q(T)dT}, t > to.

Lemma 2.3. Let h(t) be absolutely continuous and has a local finite variation. Then
for each solution (u(t),v(t)) of the system (2.32) with u(ty) > 0, v(ty) > 0 the following
inequalities hold

(2.32)

< VaWu(t) + /p(b(t) < )“_w), L2 1, (233)
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where d(u,v) = \/q(to)u(to) + +/p(to)v(to)-

Proof. We prove the lemma only in the particular case when h(t) € C. The proof in
the general case by analogy of the last part of the proof of Lemma 2.2. Let (> 0) and
t1(> to) be fixed, and let { = to < & < ... < &, < ... be the possible extremums of the
function h(t). Let (u(t),v(t)) be a solution of the system (2.32) with u(ty) >0, wv(ty) > 0.
By virtue of Lemma 2.1 there exist piecewise constant functions 5(25) and E(t) such, that
the solution (u(t),v(t)) of the system

t > to, with u(tg) = uo(to), v(to) = vo(to) satisfies the inequalities

|u(ty) — u(ty (2.34)

ty) — O(ty)
vt = 1‘_\/ph +\/qt1

€
)| < -
Vo(t) +/q(th)
Without loss of generality we will assume that 'p?(fk) = p(&), E(fk) =q(&), k=0,1,
o 5(751) = p(t1), Z];(tl) = ¢(t1); the function % is nondecreasing on the intervals

[Eok; Eok+1) and nonincreasing on the intervals [{ori1;okr2), £ =0,1,..;

)e(t)/p(t) — d(u,v)e(th) 935

w/— ~(t) i -

d(u, v)e(t)/q(t)ry, (1) d(u,v) v I ()| (2.36)
Va(to) V4 -

¢
where €(t) = exp{ [ \/p(7)q(T)dr}, t > to. Then by (2.30) and (2.31) we will have:
to

u*; ) /o) < V@it + /o @) < \/)—e Valh), if ty € [Sol&i);

u Utotl / \/p tl < \/Q1 tl + pl() (tl)g zj/,UTO “ \/ tl

if tl € 60) 61

e (H ) st AT <
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q(to) h(&art1)

< dwv)Elh) (H 52’““) g(h), if t € [EmiConn), n=1,2,.5

d(w,v)e(t1) [ [h(Eopsr) i
( 0 h k ))\/ (§2n+1 \/p (t1) < Va@®)a(t)+v/m)o(t) <

(
p(to) s (Eakto

d(u, v)e(t) 7 h(&ak+2) h(fans1) /< . ) _ )
= Vi) Val(to) (ko h(&ak+1) )\/ h(ty) q(t1), if t1 € [fant15&amra], n=1,2,...;

Therefore

d(u,v)e(t \/_ o d(u,v)e(ti)v/q(t)
\/—Th (t1) ulta) + (1)olh) < q(to) g (t).

From here and from (2.34) - (2.36) it follows that

q(t1)u(ts) + v/p(t)v(tr) < L (ty) + 2.

By virtue of arbitrariness of (> 0) and ¢;(> to) from here it follows (2.33). The lemma
is proved.
Consider the Riccati equation

Yy () +p)y*(t) —a(t) =0, >t (2.37)

The solutions y(t) of this equation, existing on the interval [t1,5)(tg < t1 < ty < +00)
are connected with the solutions (u(t),v(t)) of the system (2.32) by equalities (see [11],
pp. 153, 154):

t

u(t) = u(ty) exp{/p(T)y(T)dT}, v(t) =y(t)u(t), t€E [t1,ts). (2.38)

to

Let yo(t) be a solution of Eq. (2.37) with yo(to) > 0. It follows from Theorem 4.1 of
work [12] (see [12],p. 26) that yo() exists on the interval [ty, +00) and

w(t) >0, t=>to (2.39)

Since p(t) > 0, ¢(t) > 0, t > to, then from Theorem 3.1 of work [13] (see [13], p. 4) it
follows that

yo(s) > ot s>t >t (2.40)
1+ yo(t) {p(C)dC
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Consider the integral

—+o00 T

vy, (8) = /p(f) exp{—Q/p(f)yo(i)di}dT, t > to.

t t

From (2.39) and (2.40) it follows that

—+00 T

(s)yo(t) 1
vy, (t) < | p(7)expq —2 P . ds pdT = .t >t (2.41)
/ { / L+ (1) [ (O fir=

The function y.(t) = yo(t) — Vyl(t), t > to, is an extremal solution of Eq. (2.37) (see [14],

p. 194, Theorem 4). From (2.4?) it follows that

y.(t) <0, t>to. (2.42)

Let us show that
(1) <0, >t (2.43)

Suppose that y.(t1) = 0 for some t; > ¢y. Then by virtue of Theorem 4.1 of work [13] the
following inequality holds y.(t) > 0, ¢ > t;. From here and from (2.42) it follows that
y«(t) = 0 on the interval [t;, +00), which is impossible. The obtained contradiction proves
(2.43). Since yo(tp) > 0, then from (2.42) ( (2.43)) and from Theorem 4 of work [14] it
follows that yo(t) is a normal solution (a solution y(¢) of Eq. (2.37) is said to be normal if
there exists a neighborhood of the point y(ty) such that every solution of Eq. (2.37) with
initial value from this neighborhood exists on the interval [to, +00)). Then (see [14], p.
195)

+oo

/p(T)[y()(T) — Y (7)]dT = F00. (2.44)

to

Definition 2.1. The solution (u.(t),v.(t)) of the system (2.32), satisfying the initial
conditions u.(to) = 1, v.(to) = y«(to), will be called the canonical main solution of Eq.
(2.32). The (a) solution (ug(t),vo(t)) of the system (2.82), satisfying the initial conditions
ug(te) = wvolte) = 1 (ug(te) > 0, wo(te) > 0, ud(ty) + vi(te) # 0), will be called the
canonical nonprincipal (a real nonprincipal) solution of the system (2.32). The solutions
AMug(t),v(t)) and A(ug(t),vo(t)), where X is an arbitrary constant and (ug(t),vo(t)) is
an real nonprincipal solution of the system (2.32), will be called a main and a principal
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solutions of the system (2.32) respectively. A solution of the system (2.32), which is not
main solution will be called an ordinary solution of the system (2.32).

From (2.43) it follows that the canonical main and nonprincipal solutions of the system
(2.32) are linearly independent. Therefore for general solution (u(t),v(t)) of the system
(2.32) the following representation holds

(u(t),v(t)) = Ao(uo(t), vo(t)) + A(us(t), vi(t)), Ao = const, A\, = const, t>1t,. (2.45)

On the strength of (2.38) we have
t
u.(t) = exp{ / p<r>y*<r>dr}, n) = nOu), 2l (246)
to
t

up(t) = exp{/p(T)yo(T)dT}, t > to, (2.47)

to

where yo(t) is the solution of eq. (2.37) with yo(ty) = 1. From here and from (2.44) it
follows that

u.(t)
() — 0 for t — +o0. (2.48)

Let us show that

V. (1)

Vo (t)

— 0 for t — +o0. (2.49)

In Eq. (2.37) we make the change y(t) = ﬁ We will come to the equation

London Journal of Research in Science: Natural & Formal

Z(t) +qt)2(t) —p(t) =0, t>t. (2.50)

To prove (2.49) we need to the following
+o0 +oo
Lemma 2.4. Suppose [ p(t)dt = +oo or [ q(t)dt = +oo. Then z,(t) = y*;(t)’ t > to,
to

to
is the extremal solution of Eq. (2.50), where y.(t) is the extremal solution of Eq. (2.37).
Proof. Above it was shown that y.(tf) < 0, ¢ > to. Therefore z.(t) is defined correct.

+o0
Obviously z.(t) is a solution to Eq. (2.50). Suppose [ p(t)dt = +oo. Let Z.(t) be the
to
extremal solution of Eq. (2.50). Suppose z.(t) # Z.(t). Then the solution zy(t) of Eq.
(2.50) with zy(to) = M is a normal solution to Eq. (2.50). and zy(t) <0, t >t
(the graph of zx(t) is between the graphs of z,(t) and Z,(¢)). Therefore yy(t) = #(t), t>
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to is a normal solution of Eq. (2.37). Hence v, (ty) < +00. On the other hand since

400
yn(t) < 0, t > to we have v, (to) > [ p(t)dt = +oo. The obtained contradiction

to
+o00
shows that z.(t) is extremal. Suppose now [ ¢(t)dt = +o0. Let z.(t) not be extremal.
t
400 N
the the integral [ g(t) exp{ fq ds}dt is convergent. On the other hand since
to
+oo
z(t) < 0, t > to, we have [ ¢(t) exp{ fq ds}dt > f q(t)dt = +oo. The
t

0 0

obtained contradiction completes the proof of the lemma.

Obviously z(t) = yolt) is a normal solutions of Eq. (2.50). Then since z,(t) is extremal
we have
+oo
/ 4(T)[z0(7) — 2u(r)]dr = +oo, (2.51)
to
Let v(t) = exp{j q(T)zo(T)dT}, wo(t) = zo(t)vo(t), v (t) = exp{fq )dT}
t ty

U (t) = z:(t)0s(t), t > to. By virtue of (2.38) (wo(t),vo(t)) and (u.(t),v.(t)) are solutions
of the system (2.32). From (2.51) it follows that

v.(t)
vo(t)

—0 for t — +o0. (2.52)

Since ug(ty) = vo(to) = wo(to) = wo(te) = 1, w.(ty) = ﬁto)’ Ui(tg) = 1, we have

(@o(t), Bo(t)) = (uo(t),v0(t)), (W(t),0x(t)) = 55 (us(t), vu(t)), ¢ > to. From here and
from (2.52) it follows (2.49). From (2.44), (2.48) and (2.49) it follows

(u(t), v(t)) = Mo(uo(t), vo()[L + 0(1)], ¢ — +oo. (2.53)

By (2.32) from (2.43) and (2.46) we will have

0 < us(t) < ug(to), V. (to) < wi(t) <0, t>t. (2.54)
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. ESTIMATES OF THE SOLUTIONS OF THE SYSTEM (1.1)

In the system (1.1) we make the substitutions

o(t) = exp{/tall(T)dT}u(t), Y(t) = exp{/tam(r)dr}v(t), (3.1)

0 to

We will come to the system (1.2). In the sequel we will assume that the function % is

absolutely continuous and has a locally finite variation. Denote:
i)
alg(t) ’

m(t) = min{i‘/ ZEE;; ‘} M(@t) = max{f/
| JJi () g e

/[Re CLH( ) Re a22( dT
to

Theorem 3.1. Let the condition A) be satisfied. Then for each solution (¢(t),v(t)) of

the system (1.1) the following inequalities hold

alg(t)
921 (t) ’

alg(t)
agl(t) ’

F(t) =

dr, t>to.

m(to)l|(@(to), ¥ (to))lIm(t m{/[zpmﬂ]m>f@}gwwwmm§

M (to)[[(6(to), (ko)) || M (t exp{/[ ZRe% ]dr+]—"()} t>t.  (3.2)

London Journal of Research in Science: Natural & Formal

Proof. Let (¢(t),1(t)) be a solution of the system (1.1), and let (u(t),v(t)) be the
solution of the system (1.2), satisfying the initial conditions u(tg) = ¢(to), v(to) = Y(to).
Then by virtue of (3.1) we have

lo(t)| = exp{/tRe a11(7'>d7'}|u(t)|, [Y(t)| = exp{/tRe a22(7)d7}|v(t)|, t > to.

to to

From here it follows

oo, w00l = [exp{2 [ Reantriar o + expl2 [ Reanryir floe, o2 0
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Therefore

t t

explmin{ [ Rean(rar, [ Reanriir i o)l < o0, <, 2 n

to to

<expima {/R dT/Ream arlie@ooll, ez 63
DenoteH()z’ﬂ Hl(t)z P

20 Gl =min{\/H(t), /Hi(t)}, W(t
= max{/H(t), v Hi(t)}, to. By virtue of Lemma 2.2 from the condition of the
theorem it follows

(t)

w(to)H(Cb(to),w(to))H:)H—(w < [(u(®), @) < W)W D)[(S(t0), ¥ (b)) |ru(t), > to.

From here and from (3.3) we will get

w<t0>|r<¢<to>,w<to>m%exp{mm{ / Rean (r)dr, / Reammm}} < 11(6(t), v(1))l| <
W (to)|[(o(to), ¥ (to))||W (t) exp{max{/tRean(T)dT,/tReagg(T)dT}}TH(t), t>t.

Since w(ty) = m(to), Wi(to) = M(to),

t t
m(t) exp{min{f Re a11(T);Re a22(7) dT, f Re agg(f);Re a11(7) dT}} < U)(t),

to to

¢
W(t) < M(t) exp{max{f Rean(r )2R6“22 f Re aza(r)— Rea“(T)dT}} t > to,

to to
taking into account the equalities

min{ /t Re a1 (7)dr, j Reagg(T)dT} -

to to
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t t
max{/Rean(T)dT,/Re a22(7—)d7—} =
to to
¢

. { /t Rean(r) ~ Rean(r) /t Re as(7) — Rean(7) dT} B

to to

t

. { / Rean(r) — Rean(r) /t Re as(7) — Re an (7) dT} B

2

to to

t > to. from (3.4) we will get (3.2). The theorem is proved.

Remark 3.1. Let a(t) and b(t) be some continuous functions on [tg;+00) and let
b(t) >0, t >ty. Consider the system

¢'(t) = a(t)o(t) + b(t) Y1);
P'(t) = =b(t)e(t) + a(t)¥(t), t=to.

London Journal of Research in Science: Natural & Formal

For this system we have F(t) =0, m(t) = M(t) = 1. Therefore by Theorem 3.1 for its
general solution (P(t),1(t)) the inequalities

t

H<¢<to>,w<to>>uexp{ / Reamch} < (), v(0))]] < \|<¢<to>,w<to>>|rexp{ / Reade},

to to

t > tg, are fulfilled. Hence

t

(o), v ()| = ||(¢(to),w(to))||eXp{/Rea(T)dT}7 t > to,

to
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and in this sense the estimates (3.2) are sharp.
Example 3.1. Consider the system

¢'(t) = (=X +sint)o(t) + t*Yt);

W(t) = —t7¢(t) + (—p+ cost)i(t),

(3.5)

t > %, where A, u, a and (3 are some real numbers For this system m(t) = ¢~ ezl 5|

la—p]
M) = 5%, F(t) = |VE+A—u+ (=t + |
w/4
t > 7. Using Theorem 3.1 it is easy to find the following regions of values of the parameters

O‘4Tﬂ 42 SE 4 ‘[cos(7+ )\ dr,

A, p, «, f for which the system (3.5) is asymptotically stable:
Or={(\pa,B) i A+ pu>3A—pul+v2, A>0, >0}
0y = (A, B): A= p> L2},
O3 = {0t B) : At > 3 — | > 3V2, A>0, 1> 0};
Os = {(\p,a,8) : A+ p >3\ —pu =3v2, >0, u>0, a=p} and the following
regions of values of parameters A\, u, «, [ for which system (3.5) is unstable:
052{(/\ o, B) >\+u+3|>\ pl+v2<0, A<0, pu<0};

(A, B) < ——}

O\ 1, B) - >\+u+3\)\ pl <0, [A—pl>vV2 A<0, p<0}:

Ay, B) i X+ 43N —pl <0, A=—pl=v2, A<0, p<0, a=p}

~— ~— ~— “—

{
z{
{

It is not difficult to verify that the application of the estimates of Liapunov (see [4], p.
432), Yu. S. Bogdanov (see [4], p. 433) and estimate by freezing method (see [4], p 441)
to the system (3.5) give no result. The estimates by logarithmic norms ~; and ~;; of S.
M. Lozinski (see [4], pp. 435, 436) give result only for A > 0, >0, a< -1, < —1.
For comparison now we use the theorem of Wazevski to the system (3.5) (see [4], p. 434).
By virtue of this theorem for each solution (¢(t),(t)) of the system (3.5) the following
inequalities hold

t

H(fb(t),w(t))HeXp{/W—(T)dT} < [[(o(1), ()| <

/4

t

< \|<¢<t>,w<t>>||exp{ / w+<r>d7},

/4

~
v
=13

(3.6)
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—A— t t+4/(A— t—sint to—th)2
where wy = posin tcos “+cos sint)?+( Ma#5>0o0r B # a >0, then

from (3.6) does not follow nelther asymptotic stablhty nor instability of the system (3.5)
for every values of A and p.

Definition 3.1. A solution (¢(t),1¥(t)) of the system (1.1), satisfying the condition
B), is said to be a main (a nonprincipal, an ordinary) solution of the system (1.1), if
o(to) = ulty), V(to) = v(to), where (u(t),v(t)) is a main (a nonprincipal, an ordinary)
solution of the system (1.2).

Theorem 3.2. Let the condition B) be satisfied and let

C) Zooau(t) exp{t{t [@2(8) — an(s)] ds}dt = 400 or
Jrfooam(t) exp{t{t [all(s)—a22<8)]d8}dt = +oo0.

to

Then if:
i) (o(t),9(t)) is a nonprincipal solution of the system (1.1), then

Do, omit)exp { / E ZReaﬂ +Vaa | ¢ - 7o)} < lolo)] + ¥(0)] <

D(6, )M exp{ / [ ZReaﬂ a12(7')a21(7')}d7‘+.7:(t)}, V>t (37)

ai2(to)
a21(to)

(121
(l12

where D(¢p, 1) = ¢

et + {

[9(to);

London Journal of Research in Science: Natural & Formal

i) (o(t), (1)) is a main solution of the system (1.1), then

[P+ (@) <

< (1(to)] + [¥(to)| exp{/[ ZReaH }dw‘/Re““ — Rean(r )df‘}, (3.8)

t > to;
iii) (P(t), (1)) is an ordinary solution of the system (1.1), then

cymi(t exp{ / { ZR@@N am(T)am(T)} dT—f(t)} < |o(t)|+[P(t)] <

to
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< e, M(#) exp { j BiRe a;(7) + am(T)am(r)]dT +]—"(t)}, F>t, (3.9)

where c; = const >0, j =1,2.

Proof. Let (¢(t),1(t)) be a solution of the system (1.1), and (u(t),v(t)) be the solution
of the system (1.2) with u(tg) = ¢(to), v(to) = PY(tp). Then by (3.1) we have

lo(t)| + |¥(t)| = exp{/tRe an(r)dr}|u(t)| + exp{/tRe agg(r)dr}]v(t)\, t > 1.

) to

From here it follows

exp{min / Re any(r)dr, / Rean(r)dr | ) +1o(0) < 1000+ uto)] <

to to

t t

< exp{max{/Re an (7)dr, / Re am(T)dT}}qu(m @), >t

to to

or, which is the same,

oo / Eiﬂ’eaﬁm} - [ Feantr)~ Fee2 D gr b ute+1ot0) <

to - to

< @) + [P(1)] <

t

< exp{/[%i;Reajj(T)] dr + ‘/tR”H(T)gRW?(T)dT

to - to

}<|u<t>| @), (3.10)

t > to. Let (ugp(t),vo(t)) be a real nonprincipal solution of the system (1.2). Then by virtue
of Lemma 2.3 and (2.29) we have

DRI < Qi)+ VPO < S, 2w, @)
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where D = VQ(to)uo(t) + +/P(to)vo(t) = v/ a2 (to)d(to) + +/ar2(to) Ylto),
= exp{ft \/P(T)Q(T)dT} = exp{j \/alz(T)&zl(T)dT}, t > to. Obviously

min{ /P(£), v/Q(0) Huo (1) +u0(1)] < /(D)o (t)++/P(B)uo(t) <
< max{\/ \/ } UQ —|— U(] ] t> to.

Therefore,

min{\/%,@}{\/_ )4/ P(t)vo( ]<u0 )+ug(t) <

Smax{\/l_ \/Q_H\/Q_ o) + VPt |,  t >t

From here and from (3.11) we will get

P .o t E(t)
Dmm 00 t TR0t ) < ug(t)+uvo(t) <

Therefore,

{ ‘/Rean Rea22( >d7'
V/ @12 to a1 to

{‘/Reall — Reaxn(r) ‘}E(t)m(t), >t
v/ 12 to a1 to

Taking into account the equalities (u(t),v(t)) = Ao(uo(t),vo(t)), Ao = const #0, |p(to)] =

London Journal of Research in Science: Natural & Formal

= |)\0|U0(t0), |l/)(t0)| = |)\0|U0(t0) from here we will get

D(¢,) exp{ ‘/Reau _ — Re ag(T )dT
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< D(¢, 1) exp{‘ /t Reall(T);Rea22(7)d7‘}M(t)E(t)rH(t), t>to. (3.12)

From here and from (3.10) it follows (3.7). The assertion i) is proved. Let us prove ii). Let
(o(t),1(t)) be a main solution of the system (1.1). Then by (3.1) we have

o) = styesn{ [ ourir Yoo, 400 ~wioye{ [ antrrar b, 019

to to

t > to, where (ug(t),vo(t)) is the canonical main solution of the system (1.2). By (2.54)

from C) it follows [¢o(to)[u () + [o(to)[[v« ()] < |po(to)us(to) + [do(to)lv«(to)], T = to.
By (3.10) from here and from (3.13) it follows (3.8). The assertion ii) is proved. Let us
prove iii). Let (4(t),%(t)) be an ordinary solution of the system (1.1). By (3.1) we have

o0 = so [ anorar ot 4 r0]. 1z o

to

t

(t) = exp{ / an(f)df} {AOUO@ + /\*v*(t)] Lt (3.15)

to

where (u.(t),v.(t)) and (uo(t),vo(t)) are the canonical main and canonical nonprincipal
solutions of the system (1.2) respectively, and Ay # 0. Then by (2.29) and (2.52) we
can deduce from C) that ¢ [ug(t) + vo(t)] < [Aowo(t) + Aeuo(t)| + |Aovo(t) + Asus(t)| <
< Glug(t) + vo(t)], t > to, ¢; = const, j = 1,2. By virtue of (3.10) from here, from
(3.14) and (3.15) we obtain

t 2
- 1
C1 eXp{/[§ZReagy }dT—‘/ Rean(r ReaQQ(T)dT
to J=1

< [o(®)] + [¥(1)] <

saexp{/[ ZR@@M }m'/t Re“““);Re“ﬂ(”m‘}[UO@HUO@)},

to

}[uo<t>+vo<t>1 <

Yt > to. By (3.12) from here it follows (3.9). The assertion iii), and therefore, the theorem
are proved.
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Remark 3.2. Let a(t) and b(t) be the same as in Remark 3.1. Consider the system

¢'(t) = a(t)o(t) + b(t) Yi);
Y (t) = b(t)p(t) + a(t) Yt), t > t,.

For this system we have F(t) =0, m(t) = M(t) = 1. Therefore by Theorem 3.2 for its
each nonprincipal solution (¢(t),1(t)) the inequalities

6(0) + [(1)] = (16(t0)] + |w<to>|>exp{ [Rea(r) +b(r)] dr} < 16(8)| + [9()| <

~
=}
o~

t

<ot +1 (exof [[Reatr) +b(r]ar}. 12

to

are fulfilled. Hence

t

0]+ 19001 = o) + pitaDexpd [ [Reatr) + o] ar, 12

to

and in this sense the estimates (3.7) are sharp.
Example 3.2. Let us consider the system

¢'(t) = (=X +sint)p(t) + t*9(t);
P/ (t) = 76 (t) + (—p + cost)i(t),

(3.16)
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t > 7, where A\, p, a and (3 are some real constants. For this system the functions
m(t), M(t) and F(t) are the same, which are in the example 3.1. Applying Theorem 3.2
to (3.16) it is easy to find the following regions of parameters A, pu, «, [ for which Eq
(3.16) is asymptotically stable

OV ={( M\, B): A+ p>3A—pl+v2, A>0, p>0, X#pu, a+p <0}

O ={(\ gy, B) A+ pu>3N—p| +2+vV2, A>0, p>0, X#p, a+B=0}

Oy ={( M\, B) : A+ p>3A—pu|>3vV2, A>0, p>0, AN#p, a+p <0}

O ={( M\, B) : A+ >3N—p|+2>3V2+2, A>0, >0, X#£p, a+p=0}
O ={(\ g, 0, B) : A+ pu>3A—pu|=3vV2, A>0, p>0, X#p, a=p<0}

O ={( M\, B) : A+pu>3A—pl+1=3V2+2, A>0, p>0, AX#pu, a=p=0};

and the following regions of parameters A\, pu, «, S for which eq. (3.16) is instable:
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O ={( A\ pa,B) : X#p, a+ >0}
Oy ={(A\ 0, B) : A+ pn+3A—pl+v2<2, A<0, p<0, a+p=0}
O3 = {(\pa,B): A=p< L}

0% ={(\ o, B) A+ pu+3A—pl <2, (A—pul>v2, a+pB=0}

As in the case of the system (3.5) the application of the estimates of Liapunov, Yu.
S. Bogdanov and estimate by freezing method to the system (3.16) give no result and
the estimates by logarithmic norms v; and ~;; of S. M. Lozinski give result only for
A>0, >0, a<—1, < —1. For the case a« > 0 or # > 0 it is impossible by use of
the theorem of Wazevski to verify neither asymptotic stability nor instability of system
(3,16).
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